ApEc 8213: Econometric Analysis III -- Lecture #3

Generalized Method of Moments
Hansen Chapter 13

Generalized Method of Moments (GMM) estimation 1s used
very often in econometrics. GMM includes OLS, 2SLS and
many other estimation methods as special cases. GMM
started with Lars Peter Hansen’s 1982 Econometrica paper.

One advantage of GMM is that it can be applied to complex
nonlinear models, but today we focus on linear models.

I. Method of Moments Estimation (13.2, 13.3)

Method of moments estimation has a long history in statistics.
It 1s rarely used because it 1s often inefficient, but this 1s what
GMM generalizes, and GMM has good efficiency properties.

As you may know, statistical distributions can be defined by
their “moments”, which can be defined (for some variable
X) as E[X¥], where k is some integer > 1. These moments
usually do not equal 0, but they are often “centered” so that
they equal 0. For example, if ux = E[X] then E[X — ux] = 0.

Almost all of the estimation methods up through Chapter 12
of Hansen’s book can be expressed as moment equation
models. These models have the property that their para-
meters are the solutions to a system of moment equations.
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The most general form for a system of moment equations is:

Elgi(6)] =0 (13.1)

where g;(f) 1s a known £x1 vector of functions of the data
from the i™ observation, and £ is a kx1 vector of parameters.

Example: The IV model has g;(f) = Zie; = Z:(Y: — Xi/p).

In general, the parameter f 1s identified if there 1s a unique
“mapping” of the data to . Since (13.1) is a system of £

equations with £ unknowns, it can be 1dentified only if
(> k. If {=k, the model is just identified. If {> k, the

model 1s overidentified. If £ <k, the model is under-
identified (insufficient information to identify f).

“Classic” method of moments (MM) estimation can be
applied only for “just identified” models ({= k). The

“sample analog” of E[gi(f)] in equation (13.1) is:

1 n
W=D g (132)
i=1

The method of moments estimator (MME), ﬁmm, 1s the
value of f that sets equation (13.2) equal to 0:

) I~
g_n(,Bmm) — gz gi(ﬁmm) =0 (13-3)
=1



The equations in (13.3) are called estimating equations.
Sometimes they provide an explicit “formula’ for £ mm,
but other times you need to iterate to get S mm.

Hansen gives many examples. Here are two of them:

OLS: gi(f) = Xei = X(Yi— X/'f) =0

Sample analog: X'(¥ — XB) = 0. Solve for £: Bum = (X'X)"'X'Y.
IV: gi(p) =Ziei=Z(Y;i— X/f)=0

Sample analog: Z'(¥Y — Xp) = 0. Solve for f: fum = (Z'X)'Z'Y.

I1. Generalized Method of Moments Estimation (13.4-13-7)

Method of moments estimation requires { = k. Consider
IV estimation with {> k. The sample analog equation 1s:

GulB) =30y gi(B) =~ X0y Z,(Y; — X{'B) = (Z'Y - ZXP) (13.4)

The method of moments estimator for f is the value of
that sets (13.4) equal to 0. But if £> k there 1s, in general,

no possible £ that sets this equal to 0.

How about finding a £ that sets (13.4) as close to 0 as
possible? One way to do this 1s to express (Z'Y — Z'Xp) as
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a regression. Define y=Z'Y and G = Z'X, so that (13.4)
becomes u = Gp + 5, where n = u — GfS. OLS makes the
(squares of the) “errors” small by setting Bois = (G'G) ' G'u.

A more general approach, if there is heteroscedasticity, is to
use generalized least squares, with a weighting matrix W:

B =(G'WG)Y'GWu=(XZWZX)'X'ZWZ'Y

This minimizes the weighted sum of squares #'W#. This
is the GMM (generalized method of moments) estimator.

The general case (not just I'V) for when £ > k is to apply the
weighting matrix W (> 0) to the (square of the) g,(f) function:

J(B) = ngn(P)Y Wgn(p)

J(p) 1s the GMM “criterion function” (n 1s added for later
use 1n deriving the distribution theory). The GMM
estimator 1s defined as the f that minimizes J(/).

Definition 13.1. The Generalized Method of Moments
estimator, [3 gmm, is defined as:

Buswn = arginin ] (B)

When ¢ = k, then Bemm = Bmm, and the weighting matrix
W plays no role since £ can be set so that g.(f) = 0.



Most of this lecture will focus on linear models, and the
overidentified I'V model is a useful general linear model.

(For the general GMM case, see Wooldridge, 2010, Ch. 14.)
The IV model can be defined in terms of its moment equations:

gi(p) = Z(Yi — X/p) (13.5)

where Z; 1s an { X1 vector, and X; and f are k<1 vectors.
The GMM Estimator (for the IV model)

The J(p) criterion for equation (13.5) can be written as:
JB)=n(Z'Y - Z'XP)W(Z'Y — Z'X))
The GMM estimator minimizes J(f). The F.O.C. are:

0=20J(B)/0B (general case)

= 2n(X"Z)W(Z'(Y - Xp)) (IV model)

(Don’t worry about the n terms, since they play no role in
choosing the f that sets these equations equal to zero.)

The B that sets this expression (IV model) equal to zero is:

Theorem 13.1. For the overidentified IV model:

Benm = (XZWZ'X)'X'ZWZ'Y (13.6)



Note: If W is replaced by cW for some constant ¢, this does
not change: the ¢ “cancels out”. You can choose your own
(non-random) W this is called a one-step GMM estimator.

Also, for the just-identified model ({ = k), X'Z 1s a kxk
matrix, so (13.6) simplifies to:

Bunn = (ZX)'W(X'ZY'XZWZ'Y = (ZX)'Z'Y = Biv

Finally, if we choose (Z'Z)™! to be the weighting matrix
W, then Bgmm - BZSIS:

Theorem 13.2. If W= (Z'Z)" then fgnm = Lass. In
addition, if £ = k then Bgmm = Biv.

The Distribution of the GMM Estimator (for IV model)

To use f3 emm 10 equation (13.6) to test for statistical

significance and conduct hypothesis tests, we need to
know its distribution. To do this, define Q = E[ZX"] and
define Q = E[ZZ'e*] (¢’ is a scalar). Then the following hold:

GXDWEZX) — QW
(X'Z) W(%Z’e) > Q'WN(0, @)

Combining these results gives:



Theorem 13.3. Asymptotic Distribution of GMM
Estimator. Under Assumptions 12.2 (IV assumptions in

Chapter 12), as n — 0, Vn(Bemm— §) = N(0, V), where:

Vi=(Q'WO) (QWeWQ) Q'We)y'  (13.7)

Strictly speaking, this assumes that we know W, but this

theorem applies for any estimate of W, denoted by W, that
converges in probability to a positive definite matrix W.

II1. Efficient GMM for the IV model (13.8 — 13.10)

Applying Theorem 13.3, we should choose W to make V3
as small as possible. It turns out that the W that minimizes
Viis: W= Q"' Thus the efficient GMM estimator is:

3emm = (X'ZQ ' Z'XY' X' ZQ'Z'Y  (13.6'
g

In general, you should use this Sgmm instead of the one in
(13.6). In other words, you should always set W= Q!

This Bgmm also has the advantage of having a simpler
asymptotic distribution. Replacing W with Q! in (13.7):

Vp=(Q'Q'0)'(Q'Q'QQ'0)(Q'Q'0)" =(Q'Q'Q)" (13.7)

To summarize:



Theorem 13.4. Asymptotic Distribution of GMM for
the IV model with Efficient Weight Matrix. Under
Assumptions 12.2 and W=Q"' asn — o

V(Bamm— ) = N(O, Vp),
where V3= (0'Q'0)".

Theorem 13.5. Efficient GMM for IV model. Under
Assumptions 12.2, for any W > 0 (any positive definite W),

QWO (QWaWQ)Q'WQ)' - (QQ'Q)' >0

Note: “> 0 means that the difference in these matrices is a

positive semi-definite matrix. This means that Bgmm as
defined in (13.6') is the efficient GMM estimator, and
for any other GMM estimator (an estimate with a different

W matrix), denoted by £ gmm:

avar[f gmm] < avar[ gmm]

Since we do not know Q°', we must estimate it. But for
any consistent estimate of Q' Theorem 13.4 still holds.

Chamberlain (1987) showed that £ gmm as defined in (13.6")
1s also efficient in a “semi-parametric” sense, in that it 1s
efficient for all estimators based on the moment condition
that E[g:(f)] = 0 for any specified (known) g(/) function.
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Hansen also points out (Section 13.9) that a consequence
of Theorem 13.5 is that Sgmm (as defined in (13.6")) is, in
general, more efficient than B.ys. However, if conditional
homoscedasticity (E[¢?| Z] = ¢°) holds, then S2s, which
has a weighting matrix W = (E[ZZ'])", is equal t0 S gmm.

Estimation of the Efficient Weight Matrix (IV case)

We rarely know Q' so we must estimate it. To do this,
estimate Q, denote the estimate by Q, and then set W = Q.

The two-step GMM estimator is implemented as follows.
First, estimate ,l? 2sls; this 1s not efficient, but it 1s consistent.
Then define é; =Y, —)(i',ézsls, gi = gl(ﬁ) = Zéi, and g_n:
(1/n)Y7=; §i;- Two possible estimators of Q are:

Q=(/mXit, 59/ (13.8)
Q* = (UmX1(Gi — )G — gn)' (13.9)

Q is an “uncentered” estimator of Q, and Q* is a “centered”
estimator of Q. If E[Ze] =0, then: 1. = Var(Ze); and

2. Both @ and Q* are consistent estimates of Q. But if

E[Ze] # 0, then Q* still estimates Var(Ze) while Q estimates
E[ZZ'¢*], which is # Var(Ze). Hansen says that this makes OQ*

more “robust” than Q. But if E[Ze] # 0, than neither 2SLS nor
GMM is consistent, so this robustness may be of little use.

Second, use Q or O* to estimate 5 gmm using equation (13.6).
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To summarize estimation of Q:

Theorem 13.7. Under Assumption 12.2 and assuming
Q is positive definite (> 0), if W = Q' or W = Q*!, as
defined in (13.8) and (13.9), then as n —

V(B emm— ) = N0, V)

where B gnm is from equation (13.6") and V3 = (Q'Q'Q) .

While this two-step GMM estimator 1s asymptotically
efficient, it may not be efficient in finite samples and it
may be better to iterate a few times. See Section 13.11 for
a discussion, and the Stata command for “iterated GMM”.

IV. Covariance Matrix Estimation for IV (13.12 — 13.14)

To apply Theorems 13.3 and 13.4, replace the (unknown)
matrices in equations (13.7) or (13.7") with their estimates.
For the one-step or two-step GMM estimators, use:

AN~ A

Vs=QWQ'QWawQ)@Q'wWQ)' (13.10)

~ 1
where Q = - 1 Z:X;'. If you want to use the “centered”

estimate for ©, you can replace Q with Q*.

Efficient GMM estimation sets W = @', which gives:

Vi=(QQ Q) (13.11)
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For Q, you can use (13.8), (13.9). or the “final” residuals
;=Y — Xi/'Lgnm. Lastly, the asymptotic std errors of gmm
are square roots of diagonals of V/n (note the division by n!).

Equation (13.11) is also the estimator of the covariance
matrix of the iterated GMM estimator.

Hansen says that using (13.9) instead of (13.8) should
give a smaller covariance matrix, so this may be useful
for finite samples (asymptotically there is no difference).

Clustered Standard Errors (IV model)

If you have a clustered (2-stage) sample design, you need
to adjust equations (13.10) and (13.11) for clustering.

As in Chapter 12, the (structural) equation for the gt
cluster can be written (in matrix form) as Y, = X,/ + es.
Subtracting f from the (centered) GMM estimator gives:

Benm— B =(XZWZXY'XZW(Z5-1Z,'e,)
The cluster-robust covariance matrix estimate for B gmm is:
Vi=(XZWZ'X)Y' XZWSWZ'X(X'ZWZ'X)" (13.12)
where

S=Y5_1Z,'¢,8,'Z, (13.13)
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e, =Y PermX,  (13.14)

This is what most economists use. Yet Hansen says that,
for clustered errors, it 1s “more natural” to use the

cluster-robust weight matrix S, not W, to calculate Bgmm:
Benm = (X'ZS'Z'X)'X'ZS'Z'Y  (13.15)
This has the advantage of simplifying V:
Vs=(XZS'Z'X)"' (13.12")

In summary, start by using 2SLS to estimate Sas. Insert Sags
into (13.14) to estimate €, which is inserted in (13.13) to

estimate S. Hansen suggests using S to estimate 8 gmm in
(13.15), and then use (13.12") to estimate V5.

Wald Test (IV model)

To estimate some (possibly nonlinear) restrictions on /3,
write the g restrictions as r(f) = 0. The hypothesis to test 1s
that 6 1s some value, denoted by 6p. The GMM estimator of
6 is = r(Bgnm). By the delta method, 8 is asymptotically
normal with a covariance matrix Vy = R'V3R, where R =
or(p)/0p'. (R 1s k*xq, p has k elements, 6 = set of g equations.)

The estimator of the asymptotic covariance matrix for 0 is

Vo= R'VsR, with R = (0r(fgum)/0p)". For a single restriction

on f3, 6 and V, are scalars, so the std. error of 8 is \/ (1/n)V,.
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To test the null Ho: 8 = 6y, versus Hi: 8 # 6o, the Wald test is:
W=n(8 — 00)V5(0 — 6)
Using G4(u) to denote the cumulative )(5 distribution:

Theorem 13.8. Under Assumptions 12.2 and 7.3 (that
r(p) 1s continuously differentiable and rank(R) = g), if Ho
holds, then as n — oo, W > )(5. For the critical value ¢
satisfying a = 1 — G4(c), Prob[ W > ¢| Ho] — a., so the test
“Reject Ho if W > ¢ has asymptotic size a.

V. Restricted GMM & Distance Test, IV model (13.15, 13.19)

Many hypothesis tests involve estimating restricted models
and comparing these estimates to those of unrestricted
models. GMM can be used to estimate restricted models.
To start simple, consider only linear restrictions: RS = c.
The constrained GMM estimator minimizes the moment
equations, denoted by J(f), subject to this constraint:

Begmm = arg min J(B)

R'B=c

The constrained estimation methods in Chapter 8 of
Hansen can be applied here (homework?), which give:

Begmm = Bemm — (XZWZ'X)'R(R'(XZWZ'X)'R) ' (R'B gum - ¢) (13.16)

13



In Section 13.15 (see Theorem 13.19), Hansen works out

the asymptotic distribution of £cgmm, which is very long
and messy. Fortunately, if we use the optimal choice for

W, that is Q', the expression for Begmm becomes:
Beemm = Bamm — ViR(R'VsR) ' (R'Bewm - €)  (13.19)
where V;=(Q'Q™1Q)".
The asymptotic distribution is much simpler:
Theorem 13.10. Under Assumptions 12.2 and 8.3 (RS = ¢

and rank(R) = g), the efficient constrained GMM estimator
is asymptotically normally distributed as:

Vi(Beamn = B) 3 N(O, Vesrmn)

as n — oo, where
Veemm = Vs - VAR(R'V3R) 'RV (13.20)
and V3= (0'Q'0)".
The asymptotic covariance matrix (13.20) is estimated by:
Veenm =V - VsR(R'VRY'RVs  (13.21)
Vs =(QQQ)'
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O=-3",7,7¢; (13.22)

Sie

éi — Yi_)(i’,gcgmm

It 1s also possible to estimate GMM models subject to
nonlinear constraints. In this case the solution usually
does not have an explicit solution, but must be found by
iteration. This 1s discussed in Section 13.16 of Hansen.

Section 13.17 of Hansen shows how to apply GMM to
constrained OLS regressions when E[Xe] = 0.

Section 13.18 shows how GMM can be applied to
systems of equations.

The GMM Distance Test (General case)

The GMM distance test 1s an alternative to the Wald test.
Asymptotically, they are equivalent, so use the one that is
most convenient. The GMM distance test is convenient for
nonlinear constraints, and for other cases, as seen below.

The GMM distance test 1s similar to the likelihood ratio
test used in maximum likelihood estimation.

The Wald test compares (a function of) the estimated £,

f emm, to (a function of) a proposed f. Intuitively, it checks

whether (a function of) femm 1s “close” to (a function of) p.
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In contrast, the GMM distance test checks whether the
value of the “criterion function” that one is minimizing,
which 1s J(f), when estimated under the constraint, is

“close” to the criterion function without the constraint.

Recall that the unrestricted GMM estimator 1s defined as:

A

Bun = argmnin ] ()
Where (compare to page 4)
J(B) = ngu(By Q' gu(P)

Consider minimizing J(/) subject to the (possibly nonlinear)
constraint 7(f) = 6.

Ac mm = arg min /
Beumn = arg, min J(6)

where J(B) = ng.(8)' Q"' g.(B), where &' could be Q' or
something else (see below).

The GMM distance statistic, D, is defined D = J(8) - J(f).

Theorem 13.12. Under Assumptions 12.2 (so IV case)
and 7.3, and Ho (+(B) = 6), as n — oo then D — x§. For

critical value ¢ satisfying o = 1 — Gy(¢),

Prob[D > c| Ho] ;> o
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so the test “Reject Ho if D > ¢ has asymptotic size a.

Note that this is the same asymptotic distribution as the
Wald test, so they are asymptotically equivalent.

So what matrix should we use for Q in J(5)? One choice
is Q (from unconstrained estimation), which leads to:

Theorem 13.13. If Q = Q, then D >0, and if r is a linear
function of f then D i1s exactly equal to the Wald statistic.

D > 0 follows from the fact that @ = Q then the two
criterion function, J(f) and J(f), are the same functions,
and the constrained minimum J(f) is likely larger than the
unconstrained minimum f(f), and it cannot be smaller.

Hansen argues that a “natural” choice for Q is to use the
version in equation (13.22), but he gives no “proof” that
this 1s better. He also notes that the Wald test “works

quite poorly” for nonlinear hypotheses, so use the D test.

VI. OverID Test (Hansen’s J-test) for IV model (13.21, 13.22)

Recall (Apec 8212) that the Sargan overID test for 2SLS
estimation requires the assumption of homoscedasticity.
GMM provides an overlD test that is robust to heterosce-
dasticity. We want to test the null hypothesis Ho: E[Ze] = 0.
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Recall also that g.(f) ? E[Ze], and the criterion function is:

J(Bemm) = nGn(Bemm) Q! G B gmm)

Thus J(B) will, in general, = 0 if E[Ze] = 0 and # 0 if
E[Ze] # 0. This leads to:

Theorem 13.14. Under Assumption 12.2, and assuming
Ho: E[Ze] = 0, then as n — o0, J( gmm) e X7k For critical
value c satisfying o = 1 - Gux(c), Prob[J(Bgmnm) > ¢] — a, so
the test “Reject Ho if J(Bgmm) > ¢ has asymptotic size a.

The degrees of freedom, £ — £, is the number of over-identi-

fying restrictions. Hansen recommends (and I agree): always
report this test statistic any time you use GMM and {> k.

Subset OverlID Tests

The above overlD test is a joint test of a/l the moment
restrictions. Sometimes you may want to test only some
of them. For example, for 2SLS you may be sure that
some of your [Vs are uncorrelated with e but you are not
sure about other IVs and you want to test only the latter.

For 2SLS, divide the IVs, Z, into Z, ({, IVs) that you are
sure are exogenous and Z, (¢, IVs) that you want to test.
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The “maintained hypothesis” is E[Z.e] = 0, while Ho 1s
E[Zbe] =0 and Hj 1s E[Zbe] * 0.

This test can be done as follows. First, estimate the model
using efficient GMM using only the Z, IVs. Save the
estimated criterion function, which can be denoted as /.
Second, estimate the model using efficient GMM using
all IVs (Z, and Z;). The estimated criterion function can be

denoted as J. The test statisticis C=] — ] - xi,. This is

for the case where £, > k; if {, = k then use the overall J-
test (J = 0). Hansen summarizes this in Theorem 13.15.

VII. Endogeneity Test for IV models (13.23, 13.24)

In GMM estimation, endogeneity tests are a type of over-
ID test. Consider 2SLS estimation, where the model is
Y=Z7/p1 + Y2'f» + e. We want to test whether Y is endo-
genous. We “know” that Z; 1s exogenous, so the “main-
tained hypothesis™ 1s E[Zie] = 0. The null hypothesis 1s

Ho: E[Y2e] = 0. The alternative hypothesis is Hi: E[ Y2e] # 0.

To estimate the model under H; the only valid IVs are Z;
and Z» (Z> = excluded instruments), so the only moment
conditions are that Z; and Z; are uncorrelated with e.
Under Hy, Y- are also uncorrelated with e and so they are
added as I'Vs in the sense that we add the additional
moment condition E[Yze] = 0 for estimation. Under Ho,
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the J statistics from these two estimates should be equal,
but under H; adding the moment condition E[Y2¢] =0
will increase the value of the J statistic.

To implement this test, first estimate the model with only
Z1 and Z, as IVs (moment conditions E[Z1e] = E[Z:e] = 0).
Save the value of J, denoted by J. Second, estimate the
model again with Zi, Z, and Y> as [Vs (moment conditions
E[Zie] = E[Z:e] = E[Y2¢] = 0). This value of J is denoted
by J. The test statisticis C=] —J.

Theorem 13.16. Under Assumption 12.2 and rank(E[Z2Y>'])
=k, thenasn — oo, C=] —j? )(,%2. For critical value ¢

satistying o = 1 - Gy, (¢),
Prob[C=] - ]>¢c] — a
so the test “Reject Ho if C =] — J > ¢” has asymptotic size a.

This can be extended to testing a subset of the endo-
genous variables. This 1s Theorem 13.17 in Section 13.24.

Section 13.25 in Hansen provides an introduction to GMM
estimate for nonlinear models. See Chapter 14 of
Wooldridge (2010), Econometric Analysis of Cross Section
and Panel Data for a much more detailed treatment.

Section 13.26 discusses bootstrapping for GMM. Do not
bootstrap standard errors; bootstrap confidence intervals.
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